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Learning Objectives

By the end of this topic, you should be able to:

e Distinguish sharp and fuzzy regression discontinuity designs and explain how continuity of potential-outcome means
identifies an effect at the cutoff.

e Explain how bandwidth and kernel choices determine which observations contribute to a local regression estimate.

¢ Assess the credibility of an RD design using institutional knowledge, covariate evidence, and a test for a discontinuity
in the running-variable density.

e Estimate and interpret a sharp RD effect, explain how IV estimates a fuzzy RD effect, and assess the policy relevance of
these local effects.

Before class

Read these notes and the four empirical papers: Lee (2008), Meyersson (2014), Angrist and Lavy (1999), and
Angrist, Lavy, Leder-Luis and Shany (2019). The papers are on Moodle. Lee motivates the design. We use Meyersson to
examine sharp RD and the two class-size papers to examine fuzzy RD and the credibility of the assignment mechanism.

Textbook references

¢ The Effect: Chapter 20, Regression Discontinuity.

e CausalInference: The Remix: Chapter 6, Regression Discontinuity.

e Mastering ’Metrics: Chapter 4, Regression Discontinuity Designs. Companion resources and Mastering
Econometrics videos at MRU.

¢ Mostly Harmless Econometrics — advanced reading: Chapter 6, Getting a Little Jumpy: Regression
Discontinuity Designs.

Additional reading

Jacob, Zhu, Somers and Bloom (2012), A Practical Guide to Regression Discontinuity, MDRC. Particularly useful are
Sections 2-3 on intuition and graphs, Section 5 on internal validity, Section 7 on generalisability, and Appendix B’s
practical checklists. Our notes cover subsequent developments in bandwidth selection and robust bias-corrected inference.

1. Sharp regression discontinuity

Motivation

We sometimes know the exact rule determining treatment and can use it to estimate a causal effect.
Suppose treatment changes at a known cutoff in a running variable, also called a score or forcing variable.

Compare outcomes immediately above and below that cutoff. The central question is whether their outcomes would have
evolved smoothly through the cutoff in the absence of the treatment change.
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Elections: a candidate who narrowly wins takes office. A candidate who narrowly loses does not.

The appeal of close elections is that small, difficult-to-predict changes in votes can change who wins. This motivates
comparing narrow winners and narrow losers. We still need an argument about the election process and evidence about
comparability. The formal continuity argument below describes what happens as we approach the cutoff. A fixed window
of elections is not literally a randomised experiment simply because the elections are close.

Sharp Regression Discontinuity

Let X; be the running variable and z the known cutoff:

D — 1 iinZ.’E(),

Assignment is deterministic: once we know X, we know D,.

Treatment changes discontinuously at z. The running variable itself may change by an arbitrarily small amount while
treatment changes from 0 to 1.

Sharp Discontinuity
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Fig. 2. Potential and observed outcome regression functions.

Imbens and Lemieux (2008), Figures 1-2.

The Causal Effect at the Cutoff

Using our potential-outcome notation, define
1 0
p=FE[Y}! =Y | X;,=z].

The observed outcome is
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Y;=DY!'+(1-D)Y;.

(3
To the right of the cutoff we observe treated outcomes. To the left we observe untreated outcomes.

With a continuously distributed score, identification uses the limiting conditional means as we approach x( from each
side.

The effect is local to the cutoff. We cannot observe both potential outcomes for a person at the cutoff. Even a very large
sample does not solve that missing-counterfactual problem directly. Continuity supplies the connection between the two
sides. In applications with a discrete score, such as integer enrolment, there are gaps between possible values and this
limiting argument requires additional care.

The Continuity Assumption

For each potential outcome, the conditional mean approaches the same value from either side of the cutoff:

ImE [V | X; =z =lmE[Y | X;=2] =E[Y] | Xi =] .

1z zlxo

limE[Yi1|Xi:x]zlimE[}Q1|Xi:m]:E[Yil\Xi:azo].
xlT)

zlxg
Average outcomes under either treatment state would change smoothly as we cross the cutoff.
The two potential-outcome means can differ from one another. That difference at x is the treatment effect.

Here x 1 ¢ means approaching the cutoff from below, and x | ¢ means approaching it from above. The first equation
concerns the mean outcome if everyone were untreated. The second concerns the mean outcome if everyone were treated.
In each case the left and right limits equal the conditional mean at the cutoff.

Below the cutoff we observe Yio, and above it we observe Yil. Continuity lets us use the limiting mean from below as the
untreated counterfactual at the cutoff for the comparison with those approaching from above. The jump in observed
conditional mean outcomes therefore identifies the treatment effect at the cutoff.

Other determinants of the outcome must not generate their own discontinuity at 2. Another policy changing at the same
cutoff would complicate the interpretation of the jump. In an election application, ask whether candidate or constituency
characteristics change abruptly at a zero winning margin, and whether votes can be precisely manipulated around zero.

Continuity of the potential-outcome conditional means is sufficient for identifying the average effect at the cutoff. This
does not require continuity of the entire conditional distributions.

Deriving the Sharp RD Effect
Immediately to the right, D, = 1. By continuity,

ImE[Y; | X; =z|=E Y] | X; =]

zlxg

Immediately to the left, D; = 0. By continuity,
liTmE[Yi | Xi=z]=E[Y’|X;=m).
ztxg

Subtracting gives
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p=lmE[Y;| X;=2]-lmE[Y; | X, =z].
zTxo

zlT)

Here x | ¢ means approaching the cutoff from above, while x 1 ¢ means approaching it from below. The observed
jump equals the causal effect because continuity lets us replace the two limits with the two potential-outcome means at the
same cutoff.

2. Graphical evidence and close elections

Graphical Analysis: Outcomes

Divide the running variable into bins [bg, bx1), with the cutoff asa bin boundary.

The number of observationsin bin k is
n
Nk=zl(kaXz < bpy1) -
i=1

The mean outcome in that bin is

_ 1 &
V=== > Vil (b < X <bgia).
k=

Plot Y}, against the midpoint by, = (bg + by11) /2.
No bin should cross the cutoff.

Each plotted point summarises several observations. For equally spaced bins of width hy, we canset by, = z¢ + (k — K

—1D)hyfork=1,..., Ko+ K;i + 1. This places K bins below and K bins above the cutoff. Changing the bin width
changes the amount of visual smoothing. The bin width used for the graph is distinct from the estimation bandwidth
introduced below.

Lee (2008): Elections and Incumbency

Lee studies US House elections and the effect of winning office on subsequent electoral success.

¢ Running variable: the Democratic winning margin in the current election.
e Cutoff: a margin of zero.

e Treatment: a Democratic victory in the current election.

e Outcomes: subsequent candidacy, vote share, and victory.

Why should narrow winners and narrow losers be informative about the effect of incumbency?
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Lee:Outcome Plot
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Lee (2008), outcome plot reproduced in the original slides.

Graphical Analysis: Predetermined Covariates

For a predetermined characteristic W,,,;, calculate

_ 1 n
Wk = — ZWmil (bk <X < bk+1) .

i=1
Plot these means against the same bin midpoints.

A discontinuity in characteristics determined before treatment raises questions about the comparability of observations
on the two sides.

The institutional explanation and these diagnostic checks support the continuity assumption.
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Lee:Past Electoral Victories
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Lee (2008), predetermined electoral history.

Lee: Subsequent Candidacy
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Lee (2008), Figure 3.
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Fig. 3. (a) Candidate’s probability of candidacy in election ¢ + 1, by margin of victory in election #: local averages and parametric fit. (b)
Candidate’s accumulated number of past election attempts, by margin of victory in election t: local averages and parametric fit.
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Lee: Subsequent Democratic Vote Share
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Fig. 4. (a) Democrat party’s vote share in election 7+ 1, by margin of victory in election #. local averages and parametric fit. (b)
Democratic party vote share in election ¢ — 1, by margin of victory in election r: local averages and parametric fit.

Lee (2008), Figure 4.

Lee: Subsequent Democratic Victory
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Fig. 5. (a) Democratic party probability victory in election 7 + 1, by margin of victory in election : local averages and parametric fit. (b)
Democratic probability of victory in election 7 — 1, by margin of victory in election #: local averages and parametric fit.

Lee (2008), Figure 5.

3. Estimating the discontinuity

RD as a Regression

Centre the running variable: R; = X; — xq.

Suppose, locally,
EY | Xi] = Bo+ BiRi, Yii =Y +p.
Then
Yi=po+ Bi1Ri + pD; +¢.

Heree; = Y,' — E[Y;" | X;] is the disturbance: the difference between an individual’s untreated outcome and its
conditional mean. Thus E [¢; | X;] = 0.
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At R; = 0, thefitted untreated outcomeis 3y and the fitted treated outcomeis By + p.
The difference between the intercepts is the treatment effect at the cutoff.

The constant-effect assumption is a convenient way to introduce this regression. Identification of the effect at the cutoff
does not require treatment effects to be constant throughout the population. Centring is important: it makes the treatment
coefficient the jump at the actual threshold, even when the original cutoff is far from zero.

Allowing Different Slopes

Allow the relationship between the score and the outcome to differ on the two sides:
Yi=Bo+pD;i+ B1Ri + 1 DiR; + ;.
e Below the cutoff: intercept Sy, slope S1.
o Above the cutoff: intercept By + p, slope 81 + 1.
Because R; = 0 at the cutoff, the interaction contributes zero there. The jump remains p.

Polynomial Regression

If the conditional mean is curved, we can allow powers of the centred score:
p ] P )
Y;=Bo+pDi+ > BiRI+ ) viDiRl + €.
j=1 =1
The two sums allow different shapes on either side of the cutoff.
At R; = 0, all the terms in those sums are zero, so p remains the jump.

A high-order polynomial over a wide range can fit poorly near the cutoff and confuse curvature with a discontinuity.

Local Regression

Use observations within a bandwidth A:
—h < R; < h.

Fit a separate low-order polynomial on each side and evaluate both at R; = 0.

¢ Asmaller bandwidth uses more local information, but fewer observations.
e Alarger bandwidth improves precision, but fitting a simple function over a wider range can introduce more
approximation bias.

The bandwidth determines which observations inform the estimated jump.

Continuity implies that conditional means in increasingly narrow windows approach the corresponding limits at the cutoff.
In a finite sample we need enough observations to estimate those limits. Local linear regression also allows an underlying
slope within each window rather than treating everyone in it as having the same expected outcome.

What Is a Bandwidth?

The bandwidth is the distance from the cutoff within which we use observations to estimate the jump.

Suppose treatment starts at a score of 50:
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o With h = 10, use scores between 40 and 60.
e With h = 5, use scores between 45 and 55.

A smaller bandwidth brings the comparison closer to the cutoff and leaves fewer observations with which to estimate the
effect.

The bandwidth is measured in the same units as the running variable. Here h = 10 describes ten score points on each side,
so the complete window is twenty points wide. A local linear regression fits a separate line within each side of that window

and compares the lines at 50. The bandwidth used for estimation and the bin width used to draw a graph serve different
purposes.

What Is a Kernel?

Akernelisa rule for assigning weights according to distance from the cutoff.

Uniform weights Triangular weights

1.0 4
£
iy
© 0.5
=

0.0 1 —

40 45 50 55 60 40 45 50 55 60
Score Score

Within the same bandwidth, uniform weights are equal. Triangular weights decline as we move away from the cutoff.

With a cutoff of 50 and bandwidth of 10, triangular weights are 1 at 50, 0.5 at 45 and 55, and zero at 40 and 60.
Observations outside the window receive zero weight. Uniform weights instead give every observation inside the window
the same weight. Thus the bandwidth determines the window and the kernel determines how observations within it
contribute to the fit. Multiplying all the weights by a common positive constant leaves the fitted regression unchanged. The
next equation applies the weighted least squares idea from Week 2 to these distance-based weights.

Local Linear Regression with Weights

A triangular kernel gives more weight to observations closer to the cutoff:

v — {1 —|R;|/h if |R;| < h,
710 otherwise.

Estimate the separate-slopes regression by minimising
En 2
w; (Y — Bo— pDi — B1Ri — m1DiR;)”.
i=1

This is weighted least squares. The weights depend on distance from the cutoff.

In Week 2 the weights changed the composition of the comparison group. Here the weights emphasise observations near
the threshold where the treatment effect is identified. A uniform kernel instead gives each observation inside the bandwidth
the same weight. Modern practice usually starts with local linear estimation and a triangular kernel.

Bandwidth Choice and Inference

A data-driven bandwidth balances squared bias and variance: mean squared error.

At an MSE-optimal bandwidth, approximation bias can still be large enough to matter for confidence intervals.
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Robust bias-corrected inference estimates that bias and accounts for the uncertainty from estimating the correction.

The rdrobust package implements bandwidth selection, local polynomial estimation, and robust bias-corrected
inference.

Imbens and Kalyanaraman (2012) developed an influential bandwidth selector. Calonico, Cattaneo, and Titiunik (2014)
developed robust bias-corrected inference. Hetero skedasticity-consistent standard errors address nonconstant disturbance
variance. They alone do not account for local polynomial approximation bias. We therefore distinguish the familiar HC1
regression examples from the robust bias-corrected intervals reported by rdrobust . Trying half and twice a baseline
bandwidth helps reveal sensitivity, while differences between the resulting estimates must also be judged against their
uncertainty.

Predetermined Covariates

Predetermined covariates can improve precision when they predict the outcome and their conditional means are
continuous at the cutoff.

Inspect their behaviour around the cutoff before adding them to the regression.

Ajump in a baseline characteristic requires an explanation of the assignment process. Adding that characteristic as a
control does not by itself establish continuity of the potential outcomes.

Report how the estimate and its uncertainty change when controls are included.

4. Sorting around the cutoff

Can People Manipulate the Running Variable?

Ask who can influence the recorded score, what they know about the cutoff, and why they would want to crossiit.

If people who cross differ in other determinants of the outcome, the two sides may no longer provide comparable
counterfactuals.

We will build an example where we know the original score, the manipulation, and the true treatment effect.

The simulation lets us inspect ability even though the researcher would ordinarily not observe it.

An Illustration

Generate an original score X, ability A;, and noise u;, independently:
X ~U(-2,2), Ai,u; ~ N(0,1).
The true population relationships are
Y =104+ 05X, +24; +uw;, Yi=Y"+2

Initially, the recorded scoreis X; = X and treatmentis D; = 1 (X; > 0).

The true treatment effect is 2.
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Before Manipulation

Density

220 -15 -1.0 -0.5 0.0 0.5 1.0 15 2.0

Original score

Simulated data. The dashed line is the treatment cutoff.

Who Changes Their Score?
Suppose peoplewith —0.4 < X < 0and A; > 0 can change their recorded score.

For these people, set X; = —X . Everybody else retains X; = X .

Forexample, a person with an original score of —0.1 is now recorded at +0.1.

Their ability and untreated potential outcome remain unchanged. They now receive treatment, adding 2 to their outcome.

We compare this population with the same people before manipulation.

After Manipulation

0.4 A

Density

1.0 1.5 2.0

~2.0 -15 -1.0 -0.5 0.0 05
Recorded score

Same population, bins, and vertical scale. Only the recorded scores and resulting treatment change.

PP5001 - 11



The Composition of the Groups Changes
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Circles: before manipulation. Triangles: after manipulation. Each pointis a bin mean.

Below zero, the people with positive ability have left. Above zero, they join the original population. This produces a
discontinuity in average ability. In a real application ability may be unobserved, which is why the assignment process and
indirect diagnostics matter.

The Outcome Jump Changes Too
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The true treatment effect remains 2 for every person.

The larger observed jump combines the treatment effect with the change in composition. The untreated conditional mean
is now discontinuous at the recorded-score cutoff. An RD estimator can estimate this observed jump very precisely while
failing to recover the causal effect.

What Does the Density Test Ask?

Let fx (x) denote the density of the recorded running variable.

The null hypothesisis
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A histogram illustrates how observations are distributed. The test estimates the density on each side and assesses the
uncertainty in the estimated difference.

The question concerns the number of observations near the cutoff, rather than their average outcome.

A density is probability per unit of the running variable. Histogram height equals the share of observationsin a bin divided
by its width. McCrary (2008) developed a widely used test based on the difference in estimated log densities at the cutoff.
Cattaneo, Jansson, and Ma (2020) estimate density using local polynomials without preliminary binning. Their procedure
still requires bandwidth selection. We use their implementation in rddensity forthe Python example.

How the Cattaneo-Jansson-Ma Test Works

1. Construct the empirical cumulative distribution: the proportion of observations with a score at or below each
value.

2. Fitlocal polynomials to this distribution on each side of the cutoff, using nearby observations.

3. The slope of each fitted curve at the cutoff estimates the density on that side.

4. Test whether the difference between the two estimated densities is zero, allowing for sampling uncertainty and
smoothing bias.

The test uses individual observations, with a selected bandwidth and kernel weights. Histogram bins are used only for our
descriptive graph.

The cumulative distribution is F'x () = Pr (X; < z). Itsempirical counterpart is
-~ 1 &
Fx (z) = 521(& <z).
=1

Forexample, if 40 of 100 scores are at or below 48, the empirical cumulative distribution at 48 is 0.40. As we move
through a range containing many observations, this cumulative proportion rises rapidly. Its slope measures how densely
observations are concentrated there. For a continuous running variable, the population density is the derivative of the

cumulative distribution, fx (z) = F ().

The empirical distribution is a staircase. Cattaneo, Jansson, and Ma smooth it locally using polynomial regressions. The
slopes of the fitted curves at the cutoff provide left- and right-hand density estimates. A density discontinuity appearsasa
change in slope of the cumulative distribution. The cumulative distribution itself can remain continuous.

The null hypothesis is equality of the two limiting densities. Conceptually, the statistic is the estimated difference divided by
its estimated standard error:

i (o) — /- (w0)

T= ~
5 |f+ (20) = /- (a0)

Here 4 denotes the estimate from above the cutoff and — the estimate from below. The implementation uses higher-order
fitting to account for smoothing bias and a standard error appropriate to density estimation. The default Python output
used below reports a two-sided test with jackknife standard errors. The package selects bandwidths and uses triangular
weights by default. No histogram bins enter the calculation. See the rddensity documentation for details.

A small p-value indicates evidence against equal densities at the cutoff. Investigate whether sorting, manipulation, or the
way the score is recorded could explain the difference. A larger p-value means that the test has not detected a discontinuity.
Its ability to detect a substantively important difference depends on precision. Consider this evidence alongside the
institutional setting and checks on predetermined characteristics.
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Density-Test Results

Recorded score Test statistic p-value
Before manipulation -0.697 0.486
After manipulation 6.205 < 0.001

The sample contains 20,000 people. The test uses the Cattaneo-Jansson-Ma procedure and its default bandwidth
selection.

We detect a density discontinuity after manipulation. The simulation shows why that discontinuity accompanies a change
in the composition of the groups.

Interpreting the Density Test

¢ Reject continuity: investigate sorting, the recording process, and the institutional rules.
¢ Do not reject: the data provide no statistically detectable density jump at the cutoff.

A smooth density does not establish continuity of unobserved determinants of the outcome. Some forms of sorting can
leave the density smooth.

Rounding and discrete scores also affect how we interpret the graph and choose a test.

Combine the diagnostic with the institutional explanation and predetermined-covariate checks.

(@ Your turn

In the simulation, explain why the outcome jumpchanges even though the treatment effect staysat2. Whatcan a researcher
learn from the score distribution when ability is unobserved? What further evidence would you seek?

5. Islamic rule and educationin Turkey

(@ Your turn

Explain the research question, the unit of observation, the timing oftreatment and outcomes, and how the election and census
data arecombined.

Meyersson (2014): Question and Data

Does electing an Islamic mayor affect educational attainment?
The study links the 1994 municipal elections in Turkey to the 2000 Population Census.

¢ Treatment is an Islamic mayor winning the 1994 election.
e Amain outcome is the share of women aged 15-20 in 2000 who completed high school.
e The municipality is the unit of analysis.

Comparing all municipalities with Islamic and secular mayors could reflect substantial differences in their populations.

(@ Your turn

Define the runningvariable, cutoff, treatment and local comparison. Why is a 50 percent vote-share cutoff inappropriate in these
multiparty elections? State the continuity assumption in the context ofeducationalattainment.

Meyersson: The Assignment Rule

Define the Islamic winning margin as
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X,; = largest Islamic party vote share, — largest secular party vote share;.

A positive margin means an Islamic party wins. The cutoff is zero.
Compare municipalities where an Islamic party narrowly won with those where it narrowly lost.

The design requires that expected potential educational outcomes vary continuously with this margin at zero.

(@ Your turn

Use Figure 3and the pre-treatment panels of Figure 4 to assess com parability near the cutoff. Check when each characteristic
was measured. Which evidence predates the election, and which could itself be affected by treatment?
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Meyersson:Figure 3
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FIGURE 3.—Balanced covariate checks. The panels refer to the following covariates: Islamic
vote share, population share above 60, population share below 19, log population, the gender ra-
tio, a dummy for a center municipality, the number of vote-receiving parties, and household size.
Each dot corresponds to the unconditional mean in bins of 8 percent by the Islamic win margin in
mayoral elections 1994. The solid line represents the predicted values of a local linear smoother
estimated using raw data on each side of the threshold at zero. Outer gray lines indicate 95 per-
cent confidence intervals. A SUR test of the coefficients joint significance results in a p-value of
0.87.

Meyersson (2014), Figure 3. Covariate checks.

Some characteristics come from the 2000 census, after the election. Their timing matters when interpreting balance. The
1990 educational outcomes in Figure 4 provide a check that clearly predates treatment.

(@ Your turn

Explain the outcomes and datesin the four panels. Which panels concern the effect of treatment and which provide a check on
the design? Interpret the size and direction of the discontinuities.
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Meyersson:Figure 4
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FIGURE 4.—Graphical illustration of RD design: High School Education in 2000 and 199(
['he graphs show unconditional means in 4-percent bins for the share of women (graphs (a
ind (¢)) and men (graphs (b) and (d)), respectively, between 15 and 20 years of age with a hig
ichool degree in 2000 (graphs (a) and (b)) and 1990 (graphs (c) and (d)). The solid black lin
‘epresents the predicted values of a local linear smoother on each side of the threshold at zerc
[he outer gray lines denote 95 percent confidence intervals.

Meyersson (2014), Figure 4. High school education in 2000 and 1990.
@ Your turn

Comparethe full-sample estimates with the RD estimates in columns 3-4. Interpret the units, uncertainty and bandwidth
sensitivity. Compare women and men using Panels A-C.
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Meyersson: Table I, Panel A

TABLE I1
ISLAMIC RULE AND HIGH SCHOOL EDUCATION*
Outcome Completed High School in 2000 Enrollment
Age Cohort 15-20 15-30
Control Function None Linear Quadratic Cubic Linear
Bandwidth Global h h/2 2h h h h
Covariates No Yes No Yes Yes Yes Yes Yes Yes
) ) 3) ) ®) ©) ) ®) ©)
Panel A: Women

Outcome mean 0.163 0.163 0.152 0.152 0.144 0.166 0.152 0.152 0.127

Islamic mayor in 1994 —0.026***  0.012%*  0.032%%*  0.028%%*  0.032%%*  0.022%**  0.028***  0.043***  (014***
(0.006) (0.006)  (0.010) (0.007) (0.011) (0.006) (0.011) (0.016) (0.005)

Bandwidth 1.000 1.000 0.240 0.240 0.120 0.480 0.240 0.240 0.205
R? 0.01 0.55 0.03 0.65 0.65 0.58 0.65 0.65 0.48
Observations 2629 2629 1020 1020 589 2049 1020 1020 904
(Continues)
Meyersson (2014), Table Il. Women.
Meyersson: Table Il, Panels B-C
TABLE II—Continued
Outcome Completed High School in 2000 Enrollment
Age Cohort 15-20 15-30
Control Function None Linear Quadratic Cubic Linear
Bandwidth Global h h/2 2h h h h
Covariates No Yes No Yes Yes Yes Yes Yes Yes
) 2 3) Q) ®) ©) Q) ®) ©)
Panel B: Men
Outcome mean 0.192 0.192 0.194 0.194 0.195 0.193 0.194 0.194 0.197
Islamic mayor in 1994 0.004 0.009 0.007 0.010 0.015* 0.011* 0.015* 0.019 0.014
(0.005) (0.006) (0.008) (0.007) (0.008) (0.006) (0.009) (0.012) (0.009)
Bandwidth 1.000 1.000 0.323 0.323 0.161 0.646 0.323 0.323 0.230
R? 0.00 0.41 0.00 0.43 0.47 0.41 0.43 0.43 0.41
Observations 2629 2629 1341 1341 747 2584 1341 1341 993
Panel C: Test of coefficient equality between women and men
p-value 0.000 0.472 0.001 0.004 0.031 0.027 0.169 0.042 0.993

APanel A reports regression results for women and Panel B shows the corresponding results for men. Panel C reports p-values from SUR tests that coefficients for each column
in Panels A and B are equal. The outcome in columns 1-8 is the municipal share of individuals between 15 and 20 years of age with completed high school in 2000, and the student
share of 15-30-year olds in column 9. The first row in each panel shows the outcome mean for the relevant sample. Columns 1-2 are OLS specifications using the entire sample
with and without any controls. Specifications in columns 3—4, are RD specifications with and without controls. Both these specifications include a linear control for the Islamic
win margin on each side of the discontinuity. The discontinuity is determined by the Islamic win margin, defined as the difference in vote share between the largest Islamic party
and the largest secular party in 1994. In both columns, the sample is restricted to a bandwidth of h, determined by the Imbens and Kalyanaraman (2012) algorithm. Columns 5-8
are alternative RD specifications using the control function and bandwidth pairs: linear and //2, linear and 2/, quadratic and , as well as cubic and A. Column 9 is a local linear
RD specification with bandwidth h. Covariates include the Islamic vote share, the number of vote-receiving parties, the share of the total population under 19 years, the share
of the total population above 60, the gender ratio, log total population, dummies for municipality types, and province fixed effects. Standard errors, clustered by province, are in

parentheses. ***, ** and * denote significance at the 1, 5, and 10 percent levels, respectively.

Meyersson (2014), Table I, continued. Men and tests of differences.

Interpreting the Policy Effect
The comparison identifies the effect of electing an Islamic mayor in municipalities near the electoral threshold.

That treatment changes a bundle of policies, practices and political representation.

For discussion: How far can the results distinguish the mechanisms through which education changes? To which other

municipalities, elections or policy reforms would you apply the findings?
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Table Il reports province-clustered standard errors. In Panel A, column 3 estimates a 0.032 increase in the completion share,
or 3.2 percentage points, with a standard error of 0.010. Column 4 adds covariates and estimates 0.028 with a standard
error of 0.007. The paper discusses barriers to educational participation, including restrictions on religious expression.
Distinguishing these mechanisms requires evidence beyond the electoral discontinuity itself.

6. Fuzzy RD and instrumental variables

Fuzzy Regression Discontinuity

Sometimes crossing the cutoff changes the probability of treatment without determining treatment completely.

lim E[D; | X; = z] 7é1ijE[Dini=m]'
TTxo

AR

For binary treatment, these conditional means are treatment probabilities. The jump can be smaller than 1.

The cutoff creates an instrument for treatment.

Fuzzy Discontinuity

1 - ' -
0.8
0.6
0.4
0.2

Fig. 4. Potential and observed outcome regression (FRD).

Imbens and Lemieux (2008), Figures 3-4.

The Fuzzy RD Estimand

Divide the outcome discontinuity by the treatment discontinuity:

zlxo E[Di | X, = m] _hmmeU E[Di | X, = m] .

PFRD = T
lim
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Thisisa local Wald ratio:

reduced-form jump
first-stage jump

The denominator must be nonzero and estimated with sufficient precision.

What Makes the Fuzzy RD Ratio Causal?

For a binary treatment, the interpretation is a LATE at the cutoff for people whose treatment changes when eligibility
changes.

We need:

e Continuity of potential outcomes and treatment behaviour through the cutoff, apart from the eligibility change.
e Anonzero first-stage discontinuity.

e Exclusion: eligibility affects the outcome through treatment.

¢ Monotonicity: eligibility changes treatment in the same direction for everyone at the cutoff.

Retain the well-defined-treatment and no-interference assumptions.
Let Z; = 1(X; > @) and let D}, DY denote treatment under eligibility and ineligibility. With monotonicity D} > DY,
the denominator equals the limiting share of compliers at the cutoff. The reduced-form jump equals that share multiplied

by their mean treatment effect. Dividing cancels the complier share, exactly as in the Week 3 LATE argument. Here continuity
connects the limiting populations on either side, since Z; is a deterministic function of the score.

Fuzzy RD as Two-Stage Least Squares

We estimate fuzzy RD by instrumenting actual treatment D; with the cutoff indicator

This instrument is a deterministic function of the running variable: knowing X tells us whether Z; is zero or one.
Crossing the cutoff changes eligibility and therefore the probability of receiving treatment. Actual treatment D; can differ
from eligibility Z;.

The identifying argument comes from continuity at the cutoff. Smooth changes in the running variable are accounted for
by the local regression, while the discontinuous change in eligibility supplies the instrument for treatment.

Choose a bandwidth and use observations near the cutoff. Set R; = X; — xo, so that Z; = 1 (R; > 0). The local linear
first stage is

D, =mg+mZ; +moR; + m3Z;R; + v;.
The outcome equation is
Yi= B0+ pD; + bR+ nZiR; + €.

Use Z; asthe excluded instrument for D;.

Include R; and Z; R; as controls in both equations. They allow separate slopes on the two sides.

Estimate the first stage and obtain
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b\i =7y + mMZ; + 7R, + T3Z;R;.
The estimated second-stage regression is
Y; = By + pD; + P1Ri + 1 ZiR; + 7.

The coefficient on predicted treatment, p, is the fuzzy RD estimate. Here 7; is the second-stage regression residual. Use an IV
routine for estimation and standard errors, as in Week 3. Both stages use the same local sample, controls and any kernel
weights.

The instrument set includes the exogenous controls as well as the excluded cutoff indicator. Treating the score interactions
as additional excluded instruments would impose further restrictions on their relationship with the outcome. With one
endogenous treatment and one excluded cutoff indicator, the model is exactly identified. Using the same observations,
weights and controls, its IV coefficient equals the ratio of the estimated reduced-form and first-stage jumps.

The Local Comparison

Restrict attention to observations near the cutoff and examine sensitivity to bandwidth.
Report the first-stage jump alongside the outcome jump and IV estimate.
A weak discontinuity in treatment creates the same denominator problem that we studied in Week 5.

With a continuous treatment such as class size, the IV coefficient describes an outcome change per unit of treatment. A
binary-treatment complier interpretation requires adaptation.

Under suitable monotonicity and exclusion assumptions, an instrument for a continuous treatment identifies a weighted
average of causal responses over the treatment changes induced by the instrument. A reduction of five pupils and a
reduction of ten pupils need not have the same effect per pupil. We should therefore be explicit about the units of the
treatment and the variation that the rule generates.

7. Class size and Maimonides’ rule

(@ Your turn

Explain the policy question, the data,and why an OLSrelationship between classsize and achievement may fail toidentify the
causal effect.

Angrist and Lavy (1999): Maimonides’ Rule

The rule limits classes to 40 pupils. As grade enrolment crosses a multiple of 40, the implied number of classes increases.

Forenrolment e, predicted class size is

[(e—1)/40] +1°

m(e) =

For example, 40 pupilsimply one class of 40. With 41 pupils, the rule implies two classes averaging 20.5.

Actual class size does not follow the rule perfectly, creating a fuzzy design.
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(@ Your turn

Explain relevance, exclusion and the local comparability assum ption for this rule. What changes when enrolment rises from 40 to
41? Could otherschoolinputs change at the same point?

Actual and Predicted Class Size

a. Fifth Grade

Class size

—=—=—  Maimonides Rule
Actual class size

T T 1 T 1 T T T 1 ¥ 1 |l

0 20 40 60 80 100 120 140 160 180 200 220

Enrollment count

Angrist and Lavy (1999), class-size figure from the original slides.

The Reduced Form
a. Fifth Grade

Average size function

Average reading score

Average test scores

5 25 45 65 85 105 125 145 165

Enrollment count

Angrist and Lavy (1999), achievement and enrolment figure from the original slides.

Estimating Equations

Let C';s denote class size and e grade enrolment. A simplified outcome equation is
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J
Y, = /80 + pCzs + f (es) + Z 53szs + €is-
=1

The first stage uses class size predicted by the rule:
J
Cis =mo+mm(es) +g(es) + Z AiWiis + vis.
j=1

The controls allow enrolment and background characteristics to be related to achievement. The discontinuities in the rule
provide the excluded variation.

The original paper uses several enrolment specifications and discontinuity samples. Read the exact controls and sample
definitions in each table. Around a single threshold, we can instead use the local cutoff-indicator specification developed
above. Because larger enrolment just above a threshold can induce smaller classes, the first-stage direction must be
interpreted carefully.

The Original Outcome Equation

Using the notation in Angrist and Lavy, but writing the controls as a sum,
J
Yise = Z Bijs + anse + s + €isc-
j=1
Here ¢ indexes pupils, s schools and c classes. n. is class size and X j; contains the observed school controls, including

an intercept.

The unobserved school component i, can be related to class size. This is one reason that the OLS coefficient on class size
may be biased.

The Original First Stage

In the paper’s notation, the first stage is
J
Nge = Z 71-Oj)(js + Flfsc + §sc-

J=1

The excluded instrument f. is predicted class size from Maimonides’ rule:

€s

|(es —1) /40| +1°

fsc:

The included exogenous controls appear in both equations. The first stage isolates the class-size variation predicted by the
rule, conditional on those controls.

(@ Your turn

Compare OLSand IVestimates, theirunitsand uncertainty. Identify the instruments, enrolment controls and discontinuity
samples. Explain what variation identifies the IV effect.
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Angrist and Lavy: Table Il

TABLE II
OLS ESTIMATES FOR 1991
5th Grade 4th Grade
Reading comprehension Math Reading comprehension Math
1) (2) 3) (4) (5) (6) () 8) 9) (10) 11) (12)
Mean score 74.3 67.3 72.5 69.9
(s.d.) (8.1) (9.9 (8.0) (8.8)
Regressors
Class size 221 -.031 -.025 322 .076 019 0.141 -.0563  —.040 221 .055 .009
(.031) (.026)  (.031) (.039) (.036) (.044) (.033) (.028)  (.033) (.036) (.033) (.039)
Percent disadvantaged -.350 —.351 —-.340 -.332 -.339 —.341 -.289 -—.281
(.012)  (.013) (.018) (.018) (.013)  (.014) (.016)  (.016)
Enrollment —.002 017 —.004 .014
(.006) (.009) (.007) (.008)
Root MSE 7.54 6.10 6.10 9.36 8.32 8.30 7.94 6.65 6.65 8.66 7.82 7.81
R? .036 .369 .369 .048 249 .252 .013 .309 .309 .025 204 207
N 2,019 2,018 2,049 2,049

The unit of observation is the average score in the class. Standard errors are reported in parentheses. Standard errors were corrected for within-school correlation between classes.

Angrist and Lavy (1999), Table Il. OLS results.

Angrist and Lavy: Table IV

TABLE IV
2SLS ESTIMATES FOR 1991 (FIFTH GRADERS)
Reading comprehension Math
+/-5 +/—5
Discontinuity Discontinuity
Full sample sample Full sample sample
D (2) 3) 4) (5) (6) () (8) 9) (10) 11 (12)
Mean score 74.4 745 67.3 67.0
(s.d.) (7.7) (8.2) (9.6) (10.2)
Regressors
Class size -.158 -.275 -.260 -—.186 —.410 -—.582 -.013 -.230 -.261 -—.202 -.185 —.443
(.040) (.066) (.081) (.104) (.113) (181) (.056) (.092) (.113) (.131) (.151) (.236)
Percent disadvantaged =~ —.372 —.369 —.369 —-.477 —-461 -355 —.350 —.350 —.459 —.435
(.014) (.014) (.013) (.037) (.037) (.019) (.019) (.019) (.049) (.049)
Enrollment .022 .012 .053 .041 .062 079
(.009) (.026) (.028) (.012)  (.037) (.036)
Enrollment squared/100 .005 —-.010
(.011) (.016)
Piecewise linear trend 136 193
(.032) (.040)
Root MSE 6.15 6.23 6.22 7.71 6.79 7.15 8.34 8.40 8.42 9.49 8.79 9.10
N 2019 1961 471 2018 1960 471

The unit of observation is the average score in the class. Standard errors are reported in parentheses. Standard errors were corrected for within-school correlation between classes.
All estimates use f,. as an instrument for class size.

Angrist and Lavy (1999), Table IV. IV results.

8. Revisiting the design

(@ Your turn

Whatdothe newerdata allow the authors toinvestigate? Explain why the later study can inform ourinterpretation of the earlier
findings even when the policy ruleis unchanged.

Maimonides’ Rule Redux (2019)

Angrist, Lavy, Leder-Luis and Shany revisit the design with much larger Israeli samples from 2002-2011.
The rule continues to predict class size, while the newer achievement estimates are close to zero.

The data also reveal manipulation of reported enrolment near the thresholds.

The authors construct an alternative enrolment measure using birthdays and examine whether the findings change.
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Compare the estimates and their confidence intervals with the original results rather than treating a nonsignificant
coefficient as proof of an exactly zero effect. The follow-up also changes what we know about the assignment process.
The birthday-based instrument gives an alternative source of predicted class size that does not use the same reported

enrolment measure.
(@ Your turn

Explain the enrolmentdistribution around the thresholds. Who mightinfluence reported enrolment, and whatincentive would
they have? Connectthefigure tooursimulation.

Redux: Figure 1

100 A

80

D
o

Frequency

40

20

40 80 120
November enroliment

FIGURE 1. THE FIFTH-GRADE ENROLLMENT DISTRIBUTION REPORTED IN NOVEMBER (2002-2011)

Notes: This figure plots the distribution of fifth-grade enrollment as reported by school headmasters in November.
Reference lines indicate Maimonides’ rule cutoffs at which an additional class is added.

Angrist, Lavy, Leder-Luis and Shany (2019), Figure 1.

(@ Your turn

Explain how birthday-based im puted enrolment changes the construction of the instrument. What assum ptions does this

approach require?
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Redux: Figure 2
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FIGURE 2. THE FIFTH-GRADE BIRTHDAY-BASED IMPUTED ENROLLMENT DISTRIBUTION (2002-2011)

Notes: This figure plots the distribution of birthday-based imputed enrollment for fifth graders by school. Birthday-
based imputed enrollment is computed from the birthday distribution of students enrolled in fourth to sixth grade
in June of each year. The birthday rule counts fourth to sixth graders born between Chanukah 11 years before and
Chanukah 10 years before the current school year. Reference lines indicate Maimonides’ rule cutoffs at which an addi-
tional class is added.

Angrist, Lavy, Leder-Luis and Shany (2019), Figure 2.

(@ Your turn

Compare the November-enrolmentand birthday-based results. Discuss the first-stage evidence, the estimated effectsand
uncertainty,and whatthe comparison teaches us about the original design.

Redux:Table 1

TABLE 1—CLAss S1ZE EFFECTS ESTIMATED USING NOVEMBER ENROLLMENT INSTRUMENTS (2002-2011)

Language Math
OLS 2SLS 2SLS 2SLS OLS 2SLS 2SLS 2SLS
(1) (2) (3) (4) (5) (6) (7) (8)
Class size 0.0091 —0.0220 —0.0299 —0.0288 0.0492  0.0283 0.0158 0.0137
(0.0173) (0.0314) (0.0329) (0.0322) (0.0229) (0.0422) (0.0436) (0.0429)
SES index —0.4268 —0.4312 —0.4281 —0.4286 —0.3660 —0.3688 —0.3640 —0.3635
(0.0602) (0.0602) (0.0603) (0.0603) (0.0800) (0.0801) (0.0802) (0.0801)
November enrollment 0.0025 0.0052 0.0226 —0.0008 0.0010 0.0285
(0.0037) (0.0043) (0.0144) (0.0048) (0.0058) (0.0183)
Enrollment squared /100 —0.0103 —0.0163
(0.0081) (0.0101)
Piecewise linear trend 0.0147 0.0100
(0.0094) (0.0128)
Observations 225,108 226,832

Notes: This table reports OLS and 2SLS estimates of equation (3). The endogenous variable is June class size;
Maimonides’ rule is constructed using November enrollment. Standard errors reported in parentheses are clustered
at the school and year level. The dependent variable is a math or language test score. Additional covariates include
student characteristics (a gender dummy, parents’ years of schooling, number of siblings, a born-in-Israel indicator,
and ethnic-origin indicators), year fixed effects, an indicator for religious schools, the school socioeconomic index,
and interactions of the socioeconomic index with dummies for the 20022003 and 2008—2011 periods. The reported
SES coefficient is for 2004-2007.
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Angrist, Lavy, Leder-Luis and Shany (2019), Table 1. November enrolment.

Redux: Table 2

TABLE 2—CLASS SI1ZE EFFECTS ESTIMATED USING BIRTHDAY-BASED IMPUTED ENROLLMENT (2002-2011)
Language Math
OLS 2SLS 2SLS 2SLS OLS 2SLS 2SLS 2SLS
(1) © ®3) 4) ) (6) ™ ®)
Class size 0.0070  0.0012 —0.0089 —0.0061 0.0386 —0.0366 —0.0623 —0.0616
(0.0172) (0.0608) (0.0666) (0.0657) (0.0231) (0.0814) (0.0889) (0.0878)
SES index —0.4254 —0.4263 —0.4246 —0.4252 —0.3570 —0.3680 —0.3636 —0.3644
(0.0602) (0.0610) (0.0609) (0.0609) (0.0799) (0.0809) (0.0810) (0.0809)
Birthday-based enrollment 0.0033  0.0038  0.0163 0.0037  0.0099 0.0418
(0.0035) (0.0060) (0.0184) (0.0046) (0.0081) (0.0239)
Enrollment squared/100 —0.0068 —0.0173
(0.0086) (0.0109)
Piecewise linear trend 0.0113 0.0318
(0.0151) (0.0203)
Observations 225,108 226,832

Notes: This table reports OLS and 2SLS estimates of equation (3). The endogenous variable is June class size;
Maimonides’ rule is constructed using birthday-based imputed enrollment. Standard errors reported in parenthe-
ses are clustered at the school and year level. The dependent variable is a math or language test score. Additional
covariates include student characteristics (a gender dummy, parents’ years of schooling, number of siblings, a
born-in-Israel indicator, and ethnic-origin indicators), year fixed effects, an indicator for religious schools, the
school socioeconomic index, and interactions of the socioeconomic index with dummies for the 2002-2003 and
2008-2011 periods. The reported SES coefficient is for 2004—2007.

Angrist, Lavy, Leder-Luis and Shany (2019), Table 2. Birthday-based imputed enrolment.

Assessing an RD Study

1. Identify the running variable, cutoff, treatment and outcome.

2. Explain why potential outcomes should be continuous at the cutoff.

3. Examine outcome plots, predetermined characteristics and the score distribution.
4. Assess bandwidth choice, functional form and uncertainty.

5. Forfuzzy RD, inspect the first stage and explain exclusion and monotonicity.

6. State whose effect is identified and how far the policy conclusion extends.

9. Python: generating and analysing the example

The code below constructs the same population before and after manipulation. It estimates each regression separately.

Run the blocks in order. The full Python file contains the same code.

Install rdrobust and rddensity alongside NumPy, pandas, Matplotlib and statsmodels. The output paths below follow
the course project. When running the file elsewhere, create the folder resources/images/week-07 or change the file names

in fig.savefig() to your preferred location.

The figures are already displayed above. The code saves them without displaying a second copy in these notes.

Generate a population with a known treatment effect

import
import
import
import
import

numpy as np
pandas as pd

matplotlib.pyplot as plt
statsmodels.formula.api as smf
rdrobust as rd
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http://127.0.0.1:42039/resources/code/07-rdd-simulation.py

import rddensity as density

# A seed keeps the sample unchanged when we run the code again.
rng = np.random.default_rng(2026)

n = 20000

original_score = rng.uniform(-2, 2, n)

ability = rng.normal(Q, 1, n)

outcome_noise = rng.normal(@, 1, n)

# The score determines eligibility. The true treatment effect is 2.
treatment_before = (original_score >= 0).astype(int)

outcome_without_treatment = 10 + 0.5 * original_score + 2 * ability + outcome_noise
outcome_before = outcome_without_treatment + 2 * treatment_before

Let some people change theirrecorded score

# People just below zero with above-average ability move across the cutoff.

# Reflecting their score puts them just above zero without creating a mass at zero.
moves = (original_score >= -0.4) & (original_score < 0) & (ability > 0)
recorded_score = original_score.copy()

recorded_score[moves] = -original_score[moves]

# Ability and the untreated outcome stay unchanged. Treatment follows the new score.
treatment_after = (recorded_score >= 0).astype(int)
outcome_after = outcome_without_treatment + 2 * treatment_after

sample = pd.DataFrame({
"original_score": original_score,
"recorded_score": recorded_score,
"ability": ability,
"moves": moves,
"treatment_before": treatment_before,
"treatment_after": treatment_after,
"outcome_before": outcome_before,
"outcome_after": outcome_after,
"outcome_without_treatment": outcome_without_treatment

1)

print("People who change their score:", int(sample["moves"].sum()))

Plot the score distribution before manipulation

# Zero is a bin boundary, so no bin crosses the treatment cutoff.

bin_edges = np.linspace(-2, 2, 41)

fig, ax = plt.subplots(figsize=(10, 5))

ax.hist(sample["original_score"], bins=bin_edges, density=True,
color="#0072B2", edgecolor="white")

ax.axvline(®, color="black", linestyle="--", linewidth=2)

ax.set(xlabel="0Original score", ylabel="Density", x1lim=(-2, 2), ylim=(0, 0.46))

fig.tight_layout()

fig.savefig("resources/images/week-07/density-before.png", dpi=200)

plt.close(fig)

Plot the score distribution after manipulation, onthe same axes

fig, ax = plt.subplots(figsize=(10, 5))

ax.hist(sample["recorded_score"], bins=bin_edges, density=True,
color="#D55E00", edgecolor="white")

ax.axvline(®, color="black", linestyle="--", Tlinewidth=2)
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ax.set(xlabel="Recorded score", ylabel="Density", xlim=(-2, 2), ylim=(0, 0.46))
fig.tight_layout()

fig.savefig("resources/images/week-07/density-after.png", dpi=200)
plt.close(fig)

Calculate bin means for ability and outcomes

sample["original bin"] = pd.cut(sample["original_score"], bin_edges, right=False)
sample["recorded_bin"] = pd.cut(sample["recorded_score"], bin_edges, right=False)
before_means = sample.groupby("original_bin", observed=True)[

["original _score", "ability", "outcome_before", "outcome_without_treatment"]
].mean()
after_means = sample.groupby("recorded_bin", observed=True)[

["recorded_score", "ability", "outcome_after", "outcome_without_treatment"]
].mean()

Show how the composition changes

fig, ax = plt.subplots(figsize=(10, 5))
ax.scatter(before_means["original_score"], before_means["ability"],
color="#0072B2", marker="0", label="Before manipulation")
ax.scatter(after_means["recorded_score"], after_means["ability"],
color="#D55E00", marker="A"  label="After manipulation")
ax.axvline(®, color="black", linestyle="--", linewidth=2)
ax.axhline(0, color="black", linewidth=0.7)
ax.set(xlabel="Score", ylabel="Mean ability within each bin", xlim=(-1, 1))
ax.legend()
fig.tight_layout()
fig.savefig("resources/images/week-07/ability-sorting.png", dpi=200)
plt.close(fig)

Show the consequence forobserved outcomes

fig, ax = plt.subplots(figsize=(10, 5))
ax.scatter(before_means["original_score"], before_means["outcome_before"],
color="#0072B2", marker="0", label="Before manipulation")
ax.scatter(after_means["recorded_score"], after_means["outcome_after"],
color="#D55E00", marker="A"  label="After manipulation")
ax.axvline(®, color="black", linestyle="--", Tlinewidth=2)
ax.set(xlabel="Score", ylabel="Mean observed outcome within each bin", xlim=(-1, 1))
ax. legend()
fig.tight_layout()
fig.savefig("resources/images/week-07/outcome-sorting.png", dpi=200)
plt.close(fig)

Estimate a sharp RD with familiarregression code

# Centre the score at the cutoff. Here the cutoff is already zero.

# score_right allows the slope to differ above the cutoff.
sample["score_right_before"] = sample["original_score"] * sample["treatment_before"]
sample["score_right_after"] = sample["recorded_score"] * sample["treatment_after"]
local_before = sample.loc[sample["original_score"].abs() < 0.4].copy()

local_after = sample.loc[sample["recorded_score"].abs() < 0.4].copy()

ols_before = smf.ols(

"outcome_before ~ treatment_before + original_score + score_right_before",
data=local_before
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).fit(cov_type="HC1")
print(ols_before.summary())

ols_after = smf.ols(
"outcome_after ~ treatment_after + recorded_score + score_right_after",
data=local_after

).fit(cov_type="HC1")

print(ols_after.summary())

Give observations closerto zero more weight

local_before["weight"] = 1 - local_before["original_score"].abs() / 0.4
weighted_before = smf.wls(
"outcome_before ~ treatment_before + original_score + score_right_before",
data=local_before, weights=local_before["weight"]
).fit(cov_type="HC1")
print(weighted_before.summary())

Use rdrobust for bandwidth selection and bias-corrected inference

Use the robust bias-corrected confidence interval and p-value when interpreting the package output. Its conventional local-
linear point estimate and bias-corrected estimate can differ. The bandwidth is selected separately for each sample.

rd_before = rd.rdrobust(y=sample["outcome_before"], x=sample["original score"],
c=0, p=1, kernel="triangular", bwselect="mserd")

print(rd_before)

rd_after = rd.rdrobust(y=sample["outcome_after"], x=sample["recorded_score"],
c=0, p=1, kernel="triangular", bwselect="mserd")

print(rd_after)

Test for a density discontinuity

The hypothesis is equal limiting densities at zero. The code prints the default jackknife standard-error test statistic and its p-
value explicitly, because some package versions show only settings when printing the result object.

# This is the Cattaneo-Jansson-Ma implementation of density-discontinuity testing.
density before = density.rddensity(X=sample["original _score"], c=0)
print(density_before)

density after = density.rddensity(X=sample["recorded_score"], c=0)
print(density_after)

# The default printout in some versions only shows the estimation settings.
# Extract the default jackknife test statistic and p-value explicitly.
print("Before: density-test statistic =", density_before.test["t_jk"])
print("Before: density-test p-value =", density_before.test["p_jk"])
print("After: density-test statistic =", density_after.test["t_jk"])
print("After: density-test p-value =", density_after.test["p_jk"])

Checking the simulationresults

With seed 2026, the separate-slopes OLS regressions within 0.4 of the cutoff estimate jumps of 1.8846 before
manipulation and 4.0898 after manipulation. The true treatment effect is 2 in both cases. Sampling variation explains
why the first estimate is not exactly 2. The second comparison also includes the discontinuity in ability.

Automatic bandwidth selection with rdrobust gives conventional local-linear point estimates of approximately 1.951
and 4.527. These differ from the fixed-window OLS estimates because the bandwidths and weights differ. After
manipulation, the package estimates an observed discontinuity that no longer has the intended causal interpretation.
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Using Python forfuzzy RD

Fora dataset df containing the outcome, running variable and treatment received, the same package estimates the ratio
of discontinuities:

fuzzy_results = rd.rdrobust(
y=df["outcome"],
x=df["score"],
c=0,
fuzzy=df["treatment"],
p=1,
kernel="triangular",
bwselect="mserd"

)

print(fuzzy_results)

Report the first-stage discontinuity as well as the fuzzy RD estimate. Read the sample and bandwidth information in the
output. The official RD software documentation describes the estimation options. The density-test documentation explains
the companion diagnostic.

(@ Your turn

Run the simulation. Compare the estimated jump before and after sorting with the true effect of 2. Explain why changing the
bandwidth cannotrepairthe failure of continuity after sorting. Then change the seed and examine which conclusions persist.
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