Problems With Instrumental Variables Estimation
When the Correlation Between the Instruments and
the Endogenous Explanatory Variable Is Weak
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We draw attention to two problems associated with the use of instrumental variables (IV), the importance of which for empirical
work has not been fully appreciated. First, the use of instruments that explain little of the variation in the endogenous explanatory
variables can lead to large inconsistencies in the IV estimates even if only a weak relationship exists between the instruments and
the error in the structural equation. Second, in finite samples, IV estimates are biased in the same direction as ordinary least squares
(OLS) estimates. The magnitude of the bias of IV estimates approaches that of OLS estimates as the R? between the instruments
and the endogenous explanatory variable approaches 0. To illustrate these problems, we reexamine the results of a recent paper by
Angrist and Krueger, who used large samples from the U.S. Census to estimate wage equations in which quarter of birth is used as
an instrument for educational attainment. We find evidence that, despite huge sample sizes, their IV estimates may suffer from finite-
sample bias and may be inconsistent as well. These findings suggest that valid instruments may be more difficult to find than previously
imagined. They also indicate that the use of large data sets does not necessarily insulate researchers from quantitatively important
finite-sample biases. We suggest that the partial R? and the F statistic of the identifying instruments in the first-stage estimation are

useful indicators of the quality of the IV estimates and should be routinely reported.
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1. INTRODUCTION

Empirical researchers often wish to make causal inferences
about the effect of one variable on another. Doing so in
nonexperimental settings is frequently difficult, because some
of the explanatory variables are endogenous; that is, they are
influenced by some of the same forces that influence the
outcome under study. For example, economists examining
the effect of education on earnings have long been concerned
about the endogeneity of education. It seems quite plausible
that the same unobserved factors might influence both in-
dividuals’ educational attainment and their earnings (see,
for example, Griliches 1977). “Ability” is often cited as one
factor possibly correlated with earnings (those with higher
ability earn more) and education (those with higher ability
obtain more education).

When explanatory variables are endogenous, ordinary least
squares (OLS) gives biased and inconsistent estimates of the
causal effect of an explanatory variable on an outcome. A
common strategy for dealing with this endogeneity is to use
instrumental variables (IV) estimation, using as ‘“instru-
ments” variables thought to have no direct association with
the outcome. The exogenous instruments allow the re-
searcher to partition the variance of the endogenous explan-
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atory variable into exogenous and endogenous components.
The exogenous component is then used in estimation. More
specifically, the IV estimator uses one or more instruments
to predict the value of the potentially endogenous regressor.’
The predicted values are then used as a regressor in the orig-
inal model. Under the assumptions that the instruments are
correlated with the endogenous explanatory variable but have
no direct association with the outcome under study, the IV
estimates of the effect of the endogenous variable are con-
sistent. Bowden and Turkington (1984) and Angrist, Imbens,
and Rubin (forthcoming) have provided useful introductions
to IV estimation.

When searching for plausible instruments for a potentially
endogenous explanatory variable, it is common to find that
the candidates are only weakly correlated with the endoge-
nous variable in question. It is well recognized that using
such variables as instruments is likely to produce estimates
with large standard errors. In this article we draw attention
to two other problems associated with the use of such in-
struments. First, if the instruments are only weakly correlated
with the endogenous explanatory variable, then even a weak
correlation between the instruments and the error in the
original equation can lead to a large inconsistency in IV
estimates. Second, in finite samples, IV estimates are biased
in the same direction as OLS estimates, with the magnitude
of the bias approaching that of OLS as the R? between the
instruments and the endogenous explanatory variable ap-
proaching 0. Though these results are known, their general
importance for empirical work has not been fully appreciated.

To illustrate these issues, we reexamine the results of a
provocative paper by Angrist and Krueger (1991; henceforth
denoted by AK-91). This paper used the large samples avail-
able in the U.S. Census to estimate wage equations where
quarter of birth is used as an instrument for educational
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attainment. Although quarter of birth is only weakly related
to educational attainment—the R? in the regression of ed-
ucational attainment on quarter of birth ranged between
.0001 and .0002 in their samples—the authors obtained rea-
sonable standard errors on their estimates of the effect of
education on weekly earnings, due to the large samples they
used.

We present evidence suggesting that a weak correlation
between quarter of birth and wages (independent of the effect
of quarter of birth on education) exists and is sufficiently
large to have quantitatively significant effects on AK-91°s
estimates. We also present results that indicate that the finite-
sample bias may be quantitatively significant for some of
the estimates that AK-91 reported. Together these results
suggest that the “natural experiment” afforded by the inter-
action between compulsory school attendance laws and
quarter of birth does not give much usable information re-
garding the causal effect of education on earnings.

Our results illustrate the general significance of these issues.
In particular, they suggest that it may be even harder than
many have thought to find legitimate instruments for po-
tentially endogenous variables. Although researchers may
believe, a priori, that the variation in an instrument is largely
unrelated to the process under study, this is not sufficient to
imply that IV estimates will be less biased than those esti-
mates produced using OLS. In addition, these results indicate
that even researchers working with very large data sets need
to be more concerned about the finite-sample properties of
IV estimators.

2. POTENTIAL PROBLEMS USING AN INSTRUMENT
THAT IS WEAKLY CORRELATED WITH THE
ENDOGENOUS EXPLANATORY VARIABLE

We are interested in estimating (3, the causal effect of x
on y in Equation (1) from the following system (in which,
for simplicity, we assume that all random variables have
mean 0):

y=08x+¢e
x=Z7ZI1 +»

(1)
(2)

where x, ¢, and » are N X | vectors of independent realiza-
tions of the random variables x, ¢, and », respectively, y is
an N X 1 vector, Z is an N X K matrix in which the rows
are independent realizations of the vector z, composed of
random variables z,, . . ., zx, Il isa K X 1 vector of constants,
and S is a scalar constant. Note that (1) differs from the
formulation familiar to statisticians in that we do not assume
that x is uncorrelated with the error term ¢, and therefore
Bx may not be the conditional mean of y given x. We assume
E(v|z) = 0. The IV estimator of 3 is

6iv = (xIsz)_lxIsza (3)

where P, = Z(Z'Z)~'Z’, the projection matrix for Z. This
is numerically equivalent to estimating (1) and (2) by two-
stage least squares, where the first stage [equation (2)] is
estimated by OLS and the predicted values from this esti-
mation, X = ZII, are used in place of x in the second-stage
estimation of Equation (1) by OLS. Expanding (1) and (2)
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to include common exogenous variables would complicate
the notation but would not otherwise change the results.
It is straightforward to show that

UX +€

plim By = B + 52 (4)
and
. ) 6)?,5
mmﬁw=6+62 (5)

where o;, is the covariance between i and j, o7 is the variance
of i, and X represents the (population) projection of x
onto z.

Equation (4) indicates that ¢2 must be nonzero and x
must be uncorrelated with ¢ for 3, to be a consistent esti-
mator for 8. Similarly, Equation (5) makes clear that 0,2?
must be nonzero (i.e. that there must be an association be-
tween x and z) and that z (and therefore X) must be uncor-
related with & for 3, to be a consistent estimator of 8. That
is, B,, is consistent only if there is no direct association be-
tween z and y.

2.1 Inconsistency

Equations (4) and (5) imply that the inconsistency of IV
relative to OLS is

plim §;, — 8
phm 6015 - 6

U)?,e/ Ox,c
R%, ©
where R2, is the population R? from the regression of x on
z. When Equations (1) and (2) include common exogenous
variables, the relevant parameter is the partial R?, the pop-
ulation R? from the regression of x on z once the common
exogenous variables have been partialled out of both x
and z.

When K = 1, Equation (6) can be rewritten as

phm .éiv - 6 — pz,c/px,e
phm ﬁols - ﬁ Px,z

; (7)

where p; ; is the correlation between i and j. It is clear from
Equation (7) that a weak correlation between the potentially
endogenous variable, x, and the instrument, z;, will exac-
erbate any problems associated with a correlation between
the instrument and the error, e. If the correlation between
the instrument and the endogenous explanatory variable is
weak, then even a small correlation between the instrument
and the error can produce a larger inconsistency in the IV
estimate of 8 than in the OLS estimate.

It is instructive to examine the special case where K = 1
and z is dichotomous, partitioning the sample into two dis-
tinct subpopulations. Let y;, J», X;, and X, represent the
subpopulation means of y and x, and define Ay = y, — y,
and Ax =X, — X;. The IV estimator of 8 can then be written
as

s Ay
Biv_My

which is the Wald estimator of 3 (Durbin 1954; Wald 1940).

(8)



